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Linearization of the boundary conditions on the partition surfaces is 
used to obtain simple design relationships for the determination of the 
heating surface of radiative-convective recuperators. 

New t r e n d s  in eng inee r ing  deve lopmen t  make  i t  
n e c e s s a r y  t 0 d e v i s e  ca lcu la t ion  methods  for  r e c u p e r a -  
t o r s  o p e r a t i n g  a t  high t e m p e r a t u r e s .  Such r e e u p e r a t o r s  
a r e ,  i n p a r t i c u l a r ,  e s s e n t i a l  p a r t s  Of a p p a r a t u s e s  fo r  
the d i r e c t  c o n v e r s i o n  of t h e r m a l  to e l e c t r i c a l  e n e r g y  
[1-4]  and a l so  f ind app l i ca t ion  in the chemica l ,  power ,  
m e t a l l u r g i c a l ,  and forg ing  i n d u s t r i e s  [5 -8 ] .  

The m a i n  d i f f icu l ty  in obta in ing des ign  r e l a t i o n -  
sh ips  fo r  such r e e u p e r a t o r s  is  that  the r a d i a t i v e  c o m -  
portent of the hea t  flux i m p a r t s  s ign i f i can t  n o n l i n e a r i t y  
to the in i t i a l  d i f f e ren t i a I  equat ions .  Hence,  i t  is  
na tu r a l  to a t t emp t  to l i n e a r i z e  these  equat ions .  The 
s i m p l e s t  a p p r o a c h  to this  cons i s t s  in the in t roduc t ion  
of a hea t  t r a n s f e r  coef f i c ien t  a = a R + aC '  c o m p o s e d  
of convec t ive  and r a d i a t i v e  components  [9, 10]. The 
d r a w b a c k  of the method  is  that  c~ R changes  v e r y  con-  
s i d e r a b l y  with t e m p e r a t u r e  along the a p p a r a t u s  and,  
hence,  the choice  of an a p p r o p r i a t e  n u m e r i c a I  va lue  
for  .this quant i ty  is  v e r y  a p p r o x i m a t e .  

Another  a p p r o a c h - - t h e  method  of s u c c e s s i v e  ap-  
p r o x i m a t i o n s ,  d e s c r i b e d  in [7] - - i s  v e r y  awkward  and 
l a b o r i o u s .  

Good r e s u l t s  a r e  g iven by the compu te r  e a l e u l a -  
t ions  u s e d  by the au thor s  of [5, 16], but the use  of 
mach ine  techniques  en t a i l s  the wr i t i ng  of p r o g r a m s  
for  each  v a r i a n t  of the bounda ry  condi t ions  which 
d e t e r m i n e  the ope ra t i on  of the a p p a r a t u s ,  and,  hence ,  
th is  method  is v e r y  t i m e - c o n s u m i n g .  

We wil l  c o n s i d e r  a r a d i a t i v e - c o n v e c t i v e  r e c u p e r a -  
t o r  (Fig .  1). We wil l  a s s u m e  that  the two h e a t -  
exchanging g a s e s  a r e  d i a t h e r m a l  and the eas ing  of the 
a p p a r a t u s  is  t h e r m a l l y  insu la t ed ,  so that  no hea t  is  
l o s t  to the su r round ings .  The hot gas ,  f lowing in 
the annu la r  space  2, t r a n s m i t s  hea t  by convect ion  
through the pa r t i t i on  3 to the gas  f lowing through 
tube 1. The wal l  of the eas ing  is  a l so  hea ted  by the 
hot  gas  and t r a n s m i t s  hea t  to the wai l  of the i nne r  
tube by r ad ia t ion .  

It is  known that  in the case  of pu re ly  convec t ive  
hea t  t r a n s f e r  in a r e c u p e r a t o r  the hea t  t r a n s f e r  in 
any c r o s s  s ec t ion  of the a p p a r a t u s  i s  d e t e r m i n e d  by 
the d i f f e r ence  in the t e m p e r a t u r e s  of the f lu ids  in 
th is  sec t ion .  This  does  not  apply  to r a d i a t i v e  hea t  
t r a n s f e r  be tween  the cas ing  wal l  and the i nne r  tube,  
s ince  the r a d i a t i v e  hea t  flux in any sec t ion  wil l  del~end 
not  only on the d i f f e r ence  of the four th  power s  of the 
wal l  t e m p e r a t u r e s  in i t ,  but  a l so  on the hea t  f luxes  
due to r a d i a t i v e  i n t e r a c t i o n  with o the r  poin ts  of the 
tube o r  cas ing ,  as  shown by the a r r o w s  in Fig .  1. 

N e v e r t h e l e s s ,  i t  i s  a s s u m e d  in p a p e r s  devoted  to the 
ca l cu la t ion  of r a d i a t i v e  r e c u p e r a t o r s  [5, 7] tha t  the 
r a d i a n t  flux is  d e t e r m i n e d  e n t i r e l y  by the d i f f e rence  
04 - 0"~2. In c e r t a i n  condi t ions  th is  a s s u m p t i o n  is  
va l id  and e n s u r e s  suf f ic ien t  a c c u r a c y  fo r  eng inee r ing  
ca l cu l a t i ons .  The only r e q u i r e m e n t  is  that  the d i s t ance  
be tween  the wa l l s  exchanging r a d i a n t  hea t  should be 
s m a l l  in c o m p a r i s o n  with the to ta l  length of the ap-  
p a r a t u s ,  s i nce  i t  is  e a sy  to show f r o m  pu re ly  geo-  
m e t r i c  c o n s i d e r a t i o n s  that  for  a so l id  angle  of 0.6 s r  
90% of the to ta l  ene rgy  of h e m i s p h e r i c a l  e m i s s i o n  
wi l l  c o r r e s p o n d  to a po r t ion  of the length of the h e a t -  
t r a n s f e r  s u r f a c e  equal  a p p r o x i m a t e l y  to four  t i m e s  
the d i s t ance  be tween  the cas ing  and the inner  tube.  If 
the change of the t e m p e r a t u r e  of the f lu ids  is  s m a l l  
in th is  por t ion ,  which will  be  the case  in the above-  
men t ioned  condi t ions ,  the convect ive  and r a d i a t i v e  
hea t  exchange  can be r e g a r d e d  as  tak ing  p lace  in the 
s a m e  c r o s s  s ec t ion  and wil l  be c h a r a c t e r i z e d  by the 
t e m p e r a t u r e s  of the f lu ids  and p a r t i t i o n s  in i t .  McAdams  
[11] a r r i v e d  a t  a s i m i l a r  conclus ion  f r o m  a qua l i t a -  
t ive  c ons ide r a t i on  of the hea t ing  of a r t i c l e s  in a long 
oven with v a r i a b l e  wal l  t e m p e r a t u r e .  

The hea t  exchange be tween  the f lu ids  in s t e a d y -  
s t a t e  p a r a l l e l  flow in a r e c u p e r a t o r  i s  d e s c r i b e d  by 
the fol lowing s y s t e m  of d i f f e r en t i a l  equat ions  [12]: 

VIi dT' 
r '  = ~i_~ , (1 )  

% s dx 

T" = ~'2 ~ W~ dT" (2) 
a2 s dx 

d2 01~- =0 ,  (3) 
dz 2 

the l a s t  equat ion be ing  app l i cab le  to the c a s e  of a 
c y l i n d r i c a l  p a r t i t i o n  if  the r a t i o  of the ou te r  and 
inne r  d i a m e t e r s  of the tube is  c lose  to uni ty.  

Equat ion (3) i g n o r e s  the hea t  t r a n s f e r  a long the 
pa r t i t i on ,  i . e . ,  along the x ax i s ,  which does  not  
i n t roduce  an a p p r e c i a b l e  e r r o r  if the length of the 
a p p a r a t u s  is  m o r e  than ten t i m e s  the t h i ckness  of 
the p a r t i t i o n  [12]. Solution (3) m u s t  s a t i s fy  the 
fol lowing boundary  condi t ions  in any c r o s s  s ec t ion  
of the a p p a r a t u s :  

k d ~ l ~  z = - ~ / 2  ~ , . . . .  4 _ = , - ~), dz 2 ( T  - -  x512) ~- ego ( ~  (4) 

__1~ d~l~ = ~1 (~},12 __ T,). (5) 
dz z= +6/2 
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We must also have another relationship 

d e r i v e d  f r o m  the condi t ion of t h e r m a l  e q u i l i b r i u m  of 
the a p p a r a t u s  cas ing .  Bea r ing  in mind  that  the so lu -  
t ion of (3) is  

012 = C1-7  C~z, ( 7 )  

and mak ing  i t  conform with condi t ions  (4) and (5), we 
obta in  a f t e r  s imp le  t r a n s f o r m a t i o n s  

, Bil a15 C1 1-7Bil @72 ~ T'; B i , = - - ,  (8) 
1 -+- 2Bi 1 1-7 2Bi, 2k 

ea05 (1 +2Bi1) (@4 0~4) ' (8a) 
~i'2 -- 0* = 2s [Bi~+ Bi2 (1 +2Bi0]  

@12 -- 1 @12 - -  2Bi~ T', (Sb) 
1-72Bil l _ 2 B i ,  

from which with reference to (6) 

(T" -- @)/(t~2 = @*) = 1 -7 Bi~/Bi.~ (t -72Bi~) ~ b, 

whe re  

(9) 

@*= Bi* T' + Bi~ ( l+2Bi0  T" (10) 
Bil -7 Bio (l_2Bi1) 

is the temperature which would be established on the 

surface of the partition on the side of the hotter fluid 

in the absence of radiative heat transfer. 

Determining S from (9) and substituting its value 

in (8a), we ultimately find 

where  

a = eao (1-72Bi 1)1 [el -9 a2 ( 1 +2Bil)]. (12) 

Equat ion (11) e s t a b l i s h e s  the r e l a t i o n s h i p  

T"/@* = f ( f f ; j 6 * ,  a ~  *a, b). (13) 

This  f~nct ional  r e l a t i o n s h i p ,  a s  can be seen  f r o m  (11), 
cannot  be put in an exp l i c i t  f o r m  su i t ab le  for  u se .  In 
Fig .  2 th is  r e l a t i o n s h i p  is  dep ic t ed  g r a p h i c a l l y  for  a 
f a i r l y  wide r a n g e  of a r g u m e n t s .  

I 

A point of interest is that for each fixed value of b 
the value of the ratio T"/~* depends practically en- 
tirely on ~'2/S*, and the effect of parameter a,~* over 

a very wide range of its variation is slight. 
This circumstance indicates that combined radiative 

and convective heat transfer is determined not by the 
values of such characteristics as ~, a, k, and d* taken 
separately, but by their combination in the form a~*a. 
A change in this parameter when its value is small 

significantly affects the value of T"/S*, but when aS* 
attains a certain value this effect becomes insignifi- 

cant, as is clearly illustrated in Fig. 3, which shows 

that, beginning at approximately 0.05, an increase in 
a~ *a by a factor of ten or more alters the value of 

T"/~* by only a few per cent. The relative value of 

this change decreases with increase in the parameter 

b. 
The condition aS *a -> 0.05 means in practice that 

the recommended method is applicable to recuperators 

with temperature S* > 600 ~ K. In a recuperator, if 

we ignore the variation of the thermophysical char- 
acteristics of the gas with temperature, the variation 

of the parameter aS*a along the length of the apparatus 

is due entirely to the temperature ~*, which depends 
in turn on the temperature of the fluids in the specified 

conditions of convective heat transfer. The value of ~* 
in parallel-flow apparatus in many important practical 

cases increases or decreases by a factor of not more 

than two or three, although, as was shown in [12], it 
may even remain constant in certain conditions. 

Thus, in a wide range of variation of the parameter 

relationship (13), as Fig. 2 shows, can be well ap- 

proximated by a family of straight lines: 

o r  

T'lv~* = A1 + B ,  ~1%I~* 

@~% = T ' /B1 - -  AI  ~* /B1  = AT"  -F B ~}:~. (14) 

In a f i r s t  a p p r o x i m a t i o n  A and B a r e  funct ions  only of 

p a r a m e t e r  b. 
The va lues  of coef f i c ien t s  A and B in Eq. (14) a r e  

b A. 10 ~ B Maximum Error. % 

2 31.0 0.685 4.0 
4 20.8 0.790 2.5 

10 8.00 0.919 1.0 
25 2.60 0,974 J I 

. ./%.. l 
~N\\\\'~\\\\\\\\\\\\'I'NNNN\NN 

! 3 

Fig. I. Diagram of radiative-convective recuperator. 
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Substitution of the corresponding values from formu- 
las (14), (8b), and (I0) in (1) and (2) leads to the fol- 
lowing two equations: 

T' [ I - ( A §  J k* % § 1 T" + t?,~1 dT" - d ~ '  ( 1 5 )  

T'  = a , / k * - - c q / a z  T' § l+2Bi~ d T ' . ( 1 6  ) 
l §  -l-Aal/k* l@2Bit § AaJle* dv x 

r'__' 

tg5 *5 

Fig.  2. T" /d*  as  a function of 0'/~/d*; 1) for  ad* 3 = 

= 0 .05 ;  2) ad*3 ~ ~; i) for  B = 25; II) 10; I I I4:  IV) 2. 

The f i r s t  t e r m  in the squa re  b r a c k e t s  of f o r m u l a  
(15) is ve ry  much l e s s  than unity,  as  the tab le  shows 
that  A + B ~ 1. Taking th is  into account  with oh/k* < 
< 20, we obta in  f rom (15) and (16) 

d~T' R ' dT' =0.  (17) 

In f o r m u l a s  (15)-(17) 

k * =  Bk, v x = k:::Fx/W > ~ = (a~/te*) ( I - -  B)/(I § 2Bi~). (18) 

F r o m  an examina t ion  of (17) we can conclude that  
Calculat ion of a r a d i a t i v e - c o n v e c t i v e  h e a t - e x c h a n g e r  
r e d u c e s  to the solut ion of a d i f f e ren t i a l  equation d e s -  
c r ib ing  i~he p r o c e s s  in an a p p a r a t u s  of pu re ly  con- 
vec t ive  type if the r a t i o  of the w a t e r  equ iva len ts  is 
a l t e r e d  by a value ~, and the heat  t r a n s f e r  coeff ic ient  
is  mu l t i p l i ed  by B. 

Fig .  

7- ~ 

3. T " / 0 *  as  a function of the p a r a m e t e r  
ad  *~ for  b = 2 (1) and 4 (2). 

F o r  the two c a s e s  of flow of the f luids the solut ion 
of (17) has to s a t i s fy  the following boundary  condi t ions:  

for  p a r a l l e l  flow 

T'l%=0 : :  T~, d~_r' = (lq ~)(T] Ti), (19) 
dtx k.,=0 

for  counterf low 

T'l:.=:0 - .  T . / , d T ' I  dv-~- k,7o:.= (1 + ~) (Tf T~). (19a) 

We f inal ly  obtain i o r  p a r a l l e l  flow of the f lu ids  

v =- k*F/'tF1 

: - -  (IMa - R i f t  -~- ~ ) - -1  ]Fl { 1 ' - -  0~[1@ R,_/(I§  ~)]1 (20) 

and for  counterf low 

v = --  (1-- R~2 § ~) - ' ln  { 1 - -  
(21) 

- TO~/(l  - -  R , z  O)) l  [ I - -  R,d(1 § g ) l } ,  

where 

Of = (Tf - -  T i ) / r ~  - -  r [ ) .  (22) 

The p r e s e n c e  of r ad i a t i ve  hea t  t r a n s f e r  in the 
p a r a l l e l - f l o w  a p p a r a t u s  l eads  to g r e a t e r  u t i l i z a t i on  
of the t e m p e r a t u r e  head than in the case  of pu re ly  
convec t ive  hea t  t r a n s f e r .  The ma x imum a t t a inab le  
d i m e n s i o n l e s s  t e m p e r a t u r e  in this  case  is  d e t e r m i n e d  
f rom (20) by putt ing the e x p r e s s i o n  under  the l o g a r i t h m  
sign equal to ze ro ;  then 

(Of)max = (1-t- ~)/(1 § ~ -t- R,~). 

00 "2 

0 6 - -  \ ' \ \, 
0# \ 

} 02 
l 5 

o 02 04 0$ 08 of 

Fig.  4. Rat io • of h e a t - t r a n s f e r  s u r f a c e s  in 
r a d i a t i v e - c o n v e c t i v e  r e e u p e r a t o r  with p a r a l -  
lel  flow and eounterf low of f lu ids  in r e l a t ion  
to d i m e n s i o n l e s s  t e m p e r a t u r e  0~ fo r  ~ = 1 
and ra t io  R12 of wa te r  equ iva len ts  equal  to: 

1) 0.2;  2) 0 .5;  3) 1.0;  4) 2.0;  5) 3.0.  

It is  of i n t e r e s t  to compare  the e f f i c i enc ies  of the 
two kinds of hea t  t r a n s f e r  (Fig .  4). 

We note that  p a r a l l e l  flow in the range  of final fluid 
t e m p e r a t u r e s  a t t a inab le  with such flow is more  ef f i -  
c ient  than counterf low.  This r e s u l t  is  ve ry  impor tan t ,  
s ince  i t  l eads  to the conclus ion that r a d i a t i v e - c o n v e c -  
t ive r e c u p e r a t o r s  should not be des igned  for  coun te r -  
flow of the f luids when the condit ions of ope ra t ion  a r e  
such that (r < ( |  

The phys ica l  explanat ion  of this  c i r c u m s t a n c e  is 
that  in p a r a l l e l  flow the wall t e m p e r a t u r e  is  lower  
and the amount  of rad ian t  heat  t r a n s m i t t e d  f rom the 
cas ing  to the inner  tube is g r e a t e r  than in counterf low.  
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The above design formulas were obtained, as in- 

dicated, for the case of heat exchange between two 

diathermal gases. It can be shown, however, that in 

certain conditions they can be applied with a reason- 

able degree of accuracy when the heat-exchanging 

gases are radiating media. 

An ana ly t ica l  solut ion,  involving s eve ra l  s impl i fy -  
ing a s sumpt ions ,  of the p robIem of the heat  exchange 
of a gray gas flowing in a tube with constant  wall 
t e m p e r a t u r e  was given in [13]. The use  of this so lut ion 
is difficult ,  s ines  it  inc ludes  a gene ra l i zed  the rma l  
diffusivi ty of unknown n u m e r i c a l  value.  

An examina t ion  of the exp re s s ion  given by Nevskii  
[14] for  the r e su l t an t  h e a t  flux between pa ra i l e l  gray  
su r faces  sepa ra t ed  b y a  space fi l led with an abso r b -  
ing and r eemi t t i ng  medium,  

E r  = ~0 (~4  _ e;,42) , 

1/8 @ 1/8,12--|@ e"/(2-- e') 

shows that when the value of e" is sma l l  this  e x p r e s -  
s ion is conver ted  to the fo rmula  for rad ia t ive  heat  
exchange between sur faces  in a t r a n s p a r e n t  medium.  
Thus,  if e" < 0.05, the use  of fo rmulas  (20) and (21) 
is jus t i f ied.  For  carbon dioxide and water  vapor these 
va lues  of a" co r r e spond  to pI ~ (0.02-0.05)  ~ 105 N / m  
(0 .02-0 .05 m �9 arm). In rad ia t ive  hea t - exchange r s  
where  one of the fluids is furnace  gas the effective 
ray length is s m a l l  in many cases  and the pa r t i a l  
p r e s s u r e  of CO 2 and H20 does not exceed 0.3 �9 105 
N / m  2 and, hence,  the value of U' does not exceed the 
indicated  l imi t .  

Bes ides  this  c i r cums t ance ,  however ,  it  should be 
borne  in mind  (as McAdams [11] noted) that in the 
case of rad ia t ive  heat  exchange between su r faces  
sepa ra t ed  by an emi t t ing  gas there  i s ,  on one hand, 
an i n c r e a s e  in the t e m p e r a t u r e  of the adiabat ic  e nve -  
lope, which in our  case is the cas ing  of the appara tus  
and, on the other ,  an i n c r e a s e  in the heat flux between 
the su r faces  through "windows" in the absorp t ion  
s p e c t r u m  of the gases .  The r e su l t an t  effect is some 
s c r een ing  due to the gas i n t e r l a y e r .  Jakob [15] showed 
for  a speci f ic  example  of heat  exchange between s u r -  
faces with d = 1367 ~ K, d[' 2 = 811 ~ K and separa ted  by 
a gas l aye r  with ell20 = 0.205 that the p r e s e n c e  of this  
l aye r  reduces  the amount  of t r a n s m i t t e d  heat by only 
8% in compar i son  with the ease of absence  of a gas 
between the su r faces .  

We can conclude f rom the above that the r e c o m -  
menda t ions  made in this  paper  for the ca lcula t ion  of 
r ad i a t i ve -convec t ive  r e c u p e r a t o r s  can a lso  be used  
in cases  where  the hot te r  fluid is i t se l f  an emi t t ing  

med ium.  
It should be noted in conclus ion that the obtained 

approx imate  design r e l a t ionsh ips  a re  a lso val id for 
the case where  the co lder  gas flows through the i n t e r -  
tube space.  In this case,  however ,  T ' / d*  mus t  be 

> 0.5, since for lower values of this ratio the error 

in using formula (14) may be more than 10%. 

NOTATION 

T--temperature of heat-transfer fluids, ~ @--temperature of 
partition or casing, ~ W--water equivalent of fluids, W/deg; (x- 
heat transfer coefficient, W/m z �9 deg; s--mean heat-transfer perimeter, 
m; Bi--see (8); e--emissivity; X-thermal conductivity, W/m, deg; 
6-thickness of partition, m; O--dimensionless temperature, see (22); 
R12 = 1/R21 = W1/W2; g--see (18); F--heat-transfer surface, m2; k -  
heat-transfer coefficient, W/m 2. deg; x and z-coordinates, m. The 
subscripts 1 and 2, and also primes and double primes, refer, respec- 
tively, to the colder and hotter fluids; f refers to the outflow of fluid 
from the apparatus; x-coordinate along the length of the apparatus; 
the subscript 12 refers to the partition. 

REFERENCES 

1. G. N. Alekseev,  Di rec t  Convers ion  of Dif- 
fe ren t  F o r m s  of Energy  into E lec t r i ca l  and Mechan-  
ical  Energy  [in Russ ian] ,  GEI, 1962. 

2. V. A. Ki r i l in ,  Nauka i zhizn, no. 5, 1964. 
3. C. G. F r e de r sdo r f f ,  PowerMag . ,  66-69,  1961. 
4. P a pe r  P r e p r i n t  Session IVb, 15th In te rna t iona l  

Conference,  1962. 
5. K. Schack, C h e m i e - I n g e n i e u r - T e c h n i k ,  no. 3, 

163, 1961. 
6. A. P. Salikov, G a s - T u r b i n e  P lan t s  [in Rus-  

s ian],  GEI, 1958. 
7. Yu. I. Rozengar t ,  N. Yu. Tai t s ,  B. L. Pole taev,  

and A. A. Sorokin, P roceed ings  of a Scientif ic  and 
Technica l  Conference  on Indus t r i a l  F u r n a c e s  [in Rus-  
sian],  GEI, 1958. 

8. G. F. Degtev and V. I. Kharchenko,  Kuz- 
ne c hno - sh t a mpova l ' noe  proizvodstvo,  no. 2, 1962. 

9. A. Schack, Der  i ndus t r i e l l e  W/i rme~bergang 
[Russ ian  t rans la t ion] ,  Meta l lurg izda t ,  1961. 

10. T. Hobler,  Heat Conduction and Exchange [Rus- 
s ian  t r ans la t ion] ,  Goskhimizdat ,  1961. 

11. W. H. McAdams,  Heat T r a n s m i s s i o n  [Russ ian  
t rans la t ion] ,  Meta l lurg izdat ,  1961. 

12. G. D. Rabinovich,  Theory of Heat Calcula t ion  
of Recupera t ive  Heat Exchangers  [in Russ ian] ,  Izd. 
AN BSSR, 1963. 

13. S. N. Shorin, Heat T r a n s f e r  [in Russ ian] ,  Izd. 
"Vysshaya skola,  N 1964. 

14. A. S. Nevskii ,  Heat T r a n s f e r  in Open-Hear th  
F u r n a c e s  [in Russ ian] ,  Meta l lurg izda t ,  1963. 

15. M. Jakob, Heat T r a n s f e r  [Russ ian  t r ans l a t ion ] ,  
IL, 1960. 

16. M. P e r l m u t t e r  and R. Siegel, T r a n s .  ASME, 
no. 4, 36, 1962. 

3 M a y  1965 Ins t i tu te  of Heat and Mass 
T r a n s f e r ,  AS BSSR, Minsk 


